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Introduction 



Abstract. We develop a quantum duality principle for coisotropic subgroups of a (formal) 
Poisson group and its dual: namely, starting from a quantum coisotropic subgroup (for a 
\l ' quantization of a given Poisson group) we provide functorial recipes to produce quantizations 

of the dual coisotropic subgroup (in the dual formal Poisson group). By the natural link 
between subgroups and homogeneous spaces, we argue a quantum duality principle for Poisson 
. homogeneous spaces which are Poisson quotients, i.e. have at least one zero-dimensional 

^SJ ' symplectic leaf. As an application, we provide an explicit quantization of the homogeneous 

S'L,i*-space of Stokes matrices, with the Poisson structure given by Dubrovin and Ugaglia. 

o 

s 

> 

^ ! The natural semiclassical counterpart of the study of quantum groups is the theory of 

I Poisson groups: indeed, Drinfeld himself introduced Poisson groups as the semiclassical 
limits of quantum groups. Therefore, it should be no surprise to anyone, anymore, that 
the geometry of quantum groups gain in clarity and comprehension when its connection 
with Poisson geometry is more transparent. The same can be observed when referring to 
homogeneous spaces. 

In fact, in the study of Poisson homogeneous spaces, a special role is played by Poisson 
quotients. These are those Poisson homogeneous spaces whose symplectic foliation has at 
least one zero-dimensional leaf, so they can be thought of as pointed Poisson homogeneous 
spaces, just like Poisson groups themselves are pointed by the identity element. When 
looking at quantizations of a Poisson homogeneous space, one finds that the existence is 
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guaranteed only if the space is a quotient (cf. [EK2]). Thus the notion of Poisson quotient 
shows up naturally also from the point of view of quantization (see [Ci]). 

Poisson quotients are a natural subclass of Poisson homogeneous G-spaces {G a Poisson 
group), best adapted to the usual relation between homogeneous G-spaces and subgroups 
of G : they correspond to coisotropic subgroups. The quantization process for a Poisson 
G-quotient then corresponds to a like procedure for the attached coisotropic subgroup of 
G. Also, when following an infinitesimal approach one deals with Lie subalgebras of the 
Lie algebra g of G , and the coisotropy condition has its natural counterpart in this Lie 
algebra setting; the quantization process then is to be carried on for the Lie subalgebra 
corresponding to the initial homogeneous G-space. 

When quantizing Poisson groups (or Lie bialgebras), a precious tool is the quantum 
duality principle (QDP). Loosely speaking this guarantees that any quantized envelop- 
ing algebra can be turned (roughly speaking) into a quantum function algebra for the 
dual Poisson group; viceversa any quantum fimction algebra can be turned into a quan- 
tization of the enveloping algebra of the dual Lie bialgebra. More precisely, let QUSA 
and QJ-'SHA respectively be the category of all quantized universal enveloping algebras 
(QUEA) and the category of all quantized formal series Hopf algebras (QFSHA), in Drin- 
feld's sense. After its formulation by Drinfeld (see [Drl], §7) the QDP establishes a cate- 
gory equivalence between QUSA and QJ-'SHA via two functors, ( )': QUSA — > QJ-'SHA 
and ( )^: QJ-'SHA — > QUSA, such that, starting from a QUEA over a Lie bialgebra 
(resp. from a QFSHA over a Poisson group) the functor ( )' (resp. ( )^ ) gives a QFSHA 
(resp. a QUEA) over the dual Poisson group (resp. the dual Lie bialgebra). In a nutshell, 
Uhio)' = and F;(i[[G]]^ = Ufi{Q*) for any Lie bialgebra . So from a quantization 

of any Poisson group this principle gets out a quantization of the dual Poisson group too. 

In this paper we establish a similar quantum duality principle for (closed) coisotropic 
subgroups of a Poisson group G, or equivalently for Poisson G-quotients, sticking to the for- 
mal approach which is best suited for dealing with quantum groups a la Drinfeld. Namely, 
given a Poisson group G assume quantizations ?7ft(0) and -Fft[[G]] of it are given; then any 
formal coisotropic subgroup K of G has two possible algebraic descriptions via objects 
related to U{q) or F[[G]], and similarly for the formal Poisson quotient G/K . Thus the 
datum of K or equivalently of G/K is described algebraically in four possible ways: by 
quantization of such a datum we mean a quantization of any one of these four objects. 
Our "QDP" now is a series of functorial recipes to produce, out of a quantization of K or 
G / K as before, a similar quantization of the so-called complementary dual of K , i.e. the 
coisotropic subgroup K-^ of G* whose tangent Lie bialgebra is just fi-*- inside 0* , or of the 
associated Poisson G*-quotient, namely G* j . 

We would better stress that, just like the QDP for quantum groups, ours is by no means 
an existence result: instead, it can be thought of as a duplication result, in that it yields 
a new quantization (for a complementary dual object) out of one given from scratch. 

As an aside remark, let us comment on the fact that the more general problem of 
quantizing coisotropic manifolds of a given Poisson manifold, in the context of deformation 
quantization, has recently raised quite some interest (see [BGHHW,CF]). 

As an example, in the last section we show how we can use this quantum duality 
principle to derive new quantizations from known ones. The example is given by the 
Poisson structure introduced on the space of Stokes matrices by Dubrovin (see [Du]) and 
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Ugaglia (see [Ug]) in the framework of moduli spaces of semisimple Probenius manifolds. 
It was Boalch (cf . [Bo] ) that first gave an interpretation of Dubrovin-Ugaglia brackets in 
terms of Poisson-Lie groups. We will rather follow later work by Xu (see [Xu]) where it 
was shown how Boalch construction may be equivalently interpreted as quotient Poisson 
structure of the dual Poisson-Lie group G* of the standard 5'L„(k). In more detail the 
Poisson space of Stokes matrices G* /H-^ is the dual Poisson space to the Poisson space 
S'Ln(]k)/S'On(k) . It has to be noted that the embedding of /S'On(k) in <S'L„(k) is known 
to be coisotropic but not Poisson. Starting, then, from results obtained by Noumi in 
[No] related to a quantum version of the embedding SOn(W) " — > S'L„(k) we are able to 
interpret them as an explicit quantization of the Dubrovin-Ugaglia structure. We provide 
explicit computations for the case n = 3 , and draw a sketch with the main guidelines for 
the general case. 

Finally, another, stronger formulation of our QDP for subgroups and homogeneous 
spaces can be given in terms of quantum groups of global type, see [CG] . 



§ 1 The classical setting 

In this section we introduce the notions of Poisson geometry we shall need in the follow- 
ing: coisotropic subgroups and Poisson quotients, also called Poisson homogeneous spaces 
of group type. Our aim is to stress their algebraic characterization. 

1.1 Formal Poisson groups. As already explained, the setup of the paper is formal 
geometry. Recall that a formal variety is uniquely characterized by a tangent or a cotangent 
space (at its unique point), and is described by its "algebra of regular functions" — such 
as -F[[G]] below — which is a complete, topological local ring which can be realized as a 
k-algebra of formal power series. Hereafter k is a field of zero characteristic. 

Let be a finite dimensional Lie algebra over k , and let U{q) be its universal enveloping 
algebra (with the natural Hopf algebra structure). We denote by -F[[G]] the algebra of 
functions on the formal algebraic group G associated to Q (which depends only on q itself); 
this is a complete, topological Hopf algebra. One has -F[[G]] = U{q)* so that there is a 
natural pairing of (topological) Hopf algebras — see below — between U{q) and -F[[G]] . 

In general, if H, K arc Hopf algebras (even topological) over a ring R , a pairing 
( , ) : H X K — i> is called a Ifopf pairmg if (x,yi-y2) = {^{x),yi®y2) , {xi-X2Ty) = 
{xi(S)X2,A{y)) , (x, 1) = e(a;) , {l,y) ^ e{y) , {S{x),y) ^ {x, S{y)) ior all x, xi, X2 e H , 
y,yi,y2 £ K . Moreover, a pairing is called perfect if it is non-degenerate. 

Now assume G is a formal Poisson (algebraic) group. Then g is a Lie bialgebra, U (q) 
is a CO- Poisson Hopf algebra, -F[[G]] is a topological Poisson Hopf algebra, and the Hopf 
pairing above respects these additional co-Poisson and Poisson structures. Furthermore, 
the linear dual q* of g is a Lie bialgebra as well, so a dual formal Poisson group G* exists. 

Notation : hereafter, the symbol < stands for "coideal", <^ for "unital subalgebra", 
< for "subcoalgebra" , <p for "Poisson subalgebra", <p for "Poisson coideal", for 
"Hopf subalgebra" , for "Hopf ideal" , and the subscript £ stands for "left" . Everything 
has to be meant in topological sense if necessary. 
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1.2 Subgroups and homogeneous G— spaces. A homogeneous left G space M 
corresponds to a closed subgroup K = Km , which we assume to be connected, of G such 
that M = G/K . Actually, in formal geometry K may be replaced by t :— Lie{K) as 
well. Then the whole geometrical setting established by the pair (^K, G/K^ is algebraically 
encoded by any one of the following data: 

(a) the set X = I{K) = T{t) of all (formal) functions vanishing on K , that is to say 
1= yeF[[G]]\^{K)^0} : this is a Hopf ideal of F[[G]] , in short I <^F[[G]] ; 

(b) the set of aU left Mnvariant functions, namely C = C{K) = = F[[G]]^ : this 
is a unital subalgebra and left coideal of , in short C <^ <e F[[G]] ; 

(c) the set 3 — 3{K) = of all left-invariant differential operators on which 
vanish on -F[[G']] , that is U = U{g) ■ i (via standard identifications of the set of left- 
invariant differential operators with U{q)): this is a left ideal and (two-sided) coideal of 
U{q) , in short 3{t) ^3<i< U{q) ; 

(d) the universal enveloping algebra of t, denoted € = <t{K) = :— U{t) : this is 
a Hopf subalgebra of U (g) , i.e. € <n U (g) . 

In this way any formal subgroup K of G , or the associated homogeneous G-space G/K , 
is characterized — via and g — by any one of the following algebraic objects: 

(a)I<^F[[G]] (b) C<^<eF[[G]] (c)3<i<U{g) (d)<t<^U{g) (1.1) 

Clearly (a) and (d) m. [1.1) ideally focus on the subgroup K , whereas (b) and (c) focus 
more on the formal homogeneous G-space G/K . Nevertheless, these four algebraic data 
are all equivalent to each other. To express this algebraically, we need some more notation. 

For any Hopf algebra H , with counit e , and every submodule M Q H , we set: := 
M n Ker{e) and H''°^ := {y e H \ (A(y) -y<S>l) eH®M] (the set of M-coinvariants 
oi H). Letting A be the set of all subalgebras left coideals of H and K be the set of all 
coideals left ideals of H , wc have well-defined maps A — > K , A\-^ H • , and K — > A , 
K 1-^ jjcoK ^p£_ [Ma], and references therein). 

Then the above mentioned equivalence stems from the following relations, which starting 
from any one of the four items in (1.1) allow one to reconstruct the remaining ones: 

— (1) orthogonality relations — w.r.t. the natural pairing between -F[[G]] and U{g) — 
namely I = C"*-, € = X-*-, linking (a) and (d), and C = Of-*-, 3 = C"*-, linking (b) and (c); 

— (2) subgroup-space correspondence, namely X = -FfiG]] -C"*" , C = F[[G]]'^°'^ , linking 
(a) and (b), and 3 = U{g) ■ C"'" , C = U{g)'^°'' , linking (c) and (d). Moreover, the maps 
A — > K and K — > A considered above are inverse to each other in the formal setting. 

1.3 Coisotropic subgroups and Poisson quotients. When G is a Poisson group, 

a distinguished class of subgroups — the coisotropic ones — is of special interest. 

A closed formal subgroup K of G with Lie algebra t is called coisotropic if its defining 
ideal X{t) is a (topological) Poisson subalgebra of i^ffG]] . The following are equivalent: 

(C-i) K is a coisotropic formal subgroup of G; 
( C-ii) 5{V) C B A , that is Ms a Lie coideal of g ; 
(C-iii) J-*- is a Lie subalgebra of g* 

(see [Lu]). Clearly (C-ii) and (C-iii) characterize coisotropic subgroups in algebraic terms. 
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As for homogeneous spaces, recall that a formal Poisson manifold (M, ujm) is a Poisson 
homogeneous G-space if there is a smooth homogeneous action (f): G x M ^ M which is 
a Poisson map with respect to the product Poisson structure. 

In addition, {M,ljm) is said to be of group type (after Drinfeld [Dr2]), or simply a 
Poisson quotient, if there exists a coisotropic closed Lie subgroup Km of G such that 
G/Km — M and the natural projection tt: G — > G/Km ^ M is a Poisson map. 

The following is a characterization of Poisson quotients (cf . [Za] ) : 

(PQ-i) there exists xq E M such that its stabilizer Gxq is coisotropic in G ; 
(PQ-ii) there exists xq e M such that (f)^^ : G — > M , g (j){g,XQ) , is a Poisson 
map, that is M is a Poisson quotient; 

(PQ-iii) there exists xq E M such that ujm{xq) = 0. 

Remark : in Poisson geometry, the usual relationship between closed subgroups of G 
and G-homogeneous spaces does not hold anymore. In fact, in the same conjugacy class 
one can have Poisson subgroups, coisotropic subgroups and non-coisotropic subgroups. We 
saw above that Poisson quotients correspond to Poisson homogeneous spaces in which at 
least one of the stabilizers is coisotropic; many such examples can be found, for instance, 
in [LW] . On the other hand many interesting Poisson homogeneous spaces are not of group 
type, as it is the case for covariant (in particular invariant) symplectic structures. <() 

Definition 1.4. 

(a) If K is a formal coisotropic subgroup of G, we call complementary dual of K the 
formal subgroup of G* whose tangent Lie algebra is fi-*- (with G* as in ^l-l)- 

(b) If M = G/Km is a formal Poisson G -quotient, with Km coisotropic, we call 
complementary dual of M the formal Poisson G* -quotient M"*- := G* J Kj^ . 

1.5 Remarks: (a) The fact to be highlighted in the above definition is that a subset 
of is a Lie coideal if and only if B"*- is a Lie subalgebra of Q* . This is why we have dual 

Poisson quotients. Even more, by (C-i,ii,iii) in §1.3, the complementary dual subgroup to 
a coisotropic subgroup is coisotropic too, and taking twice the complementary dual gives 
back the initial subgroup. Similarly, the Poisson homogeneous space which is complemen- 
tary dual to a Poisson homogeneous space of group type is in turn of group type as well, 
and taking twice the complementary dual gives back the initial manifold. So Definition 
1.4 makes sense, and the notion of complementary duality is self-dual, in both cases. 

(c) The notion of Poisson homogeneous G-spaces of group type was first introduced by 
Drinfeld in [Dr2]: here the relation between such G-spaces and Lagrangian subalgebras of 
Drinfeld's double D{q) — g (£> g* is also explained. This is further developed in [EL]. 

(d) We denote by coS{G) the set of all formal coisotropic subgroups of G , which is as 
well described by the set of all Lie subalgebras. Lie coideals of q . This is a lattice w. r. t. 
set-theoretical inclusion, hence it can (and will) also be thought of as a category. <0> 

1.6 Algebraic characterization of coisotropic subgroups. Let be a formal 
coisotropic subgroup of G. Taking J, C, X and C as in §1.2, coisotropy corresponds to 

(a)I<^F[[G]], (b) C<^F[[G]], (c)J<^U{q), (d) €<^U{q) 

Thus a formal coisotropic subgroup of G is identified by any one of the algebraic objects 

(a)I<^<^F[[G]], (b)C<^<i<^F[[G]], (c) 3 <i<<^UiQ) , (d) € <n<rUi9) . (1.2) 
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Note also that K being coisotropic reflects the fact that the distinguished point eK 
(where e E G is the identity element) in the formal Poisson G-space G/K is a zero- 
dimensional leaf. Then the algebra of regular functions on G/K , already realized as 
F[[G]r, will be also denoted by F[[G/K]]. Moreover, we can always choose a sys- 
tem of parameters for G, say {ji, . . . , j^, jjt+i, . . . , jn} such that k = dim(iir) , n = 
dim(G) , -FfiG]]^ = k[[jfc+i, . . . , (the topological suhalgcbra of generated by 

{jk+i, • • • , in}) and I{K) = {jk+i, • • • , jn) (the ideal of F[[G]] generated by {jk+i, ...,jn})- 



§ 2 The quantum setting 

This section is devoted to recall quantum groups and Drinfeld's QDP for quantum 
groups, to introduce our concept of quantization for coisotropic subgroups and Poisson 
quotients, and to explain the basic idea of our QDP for the latters. 

2.1 Topological k[[/i]]— modules and tensor structures. Let Ik[[/i]] be the topolog- 
ical ring of formal power series in the indeterminate h. If X is any lk[[/i]]-module, we set 
Xq := X /hX — k ®k[[ft]] X , the specialization of X at h = , or semiclassical limit of X . 

Let Tg, be the category whose objects are all topological k[[/l]]-modules which are 
topologically free and whose morphisms are the k[[/j,]]-linear maps (which are automatically 
continuous). It is a tensor category for the tensor product Ti ® T2 defined as the separated 
h-adic completion of the algebraic tensor product Ti <Sik[[h]] T2 (for all T'l, T2 G Tg, ). We 
denote by Ti-A^ the subcategory of Tg whose objects are all the Hopf algebras in Tg and 
whose morphisms are all the Hopf algebra morphisms in Tg . 

Let Pg be the category whose objects are all topological k[[/i]] -modules isomorphic to 

modules of the type k[[/i]] (with the Tikhonov product topology) for some set E , and 
whose morphisms are the k[[/i]] -linear continuous maps. It is a tensor category w.r.t. the 
tensor product Pi ® P2 defined as the completion of the algebraic tensor product P\ ®t[[ti\] 
P2 w.r.t. the weak topology: thus Pi ^ ^[h]f' (i = 1, 2) yields Pi^Ps = k[[h]f'''^^ 
(for all Pi, P2 e Pg ). We call HA^ the subcategory of Pg whose objects are all the 
Hopf algebras in Pg and whose morphisms are all the Hopf algebra morphisms in Pg . 

Definition 2.2. (cf. [Drl, § 7]) 

(a) We call QUEA any H E 'HA^ such that Hq := H/hH is a co-Poisson Hopf 
algebra isomorphic to U{q) for some finite dimensional Lie bialgebra q (over k); in this 
case we write H = Unio) , and say H is a quantization of U{q). We call QUE A the full 
tensor subcategory of HA^ whose objects are QUEA, relative to all possible g (see also 
Remark 2.3 below). 

(b) We call QFSHA any K G 'HA^ such that Kq := K jhK is a topological Poisson 
Hopf algebra isomorphic to F[[G]] for some finite dimensional formal Poisson group G 
(over k); then we write H = Ffi[[G]] , and say K is a quantization of F[[G]]. We call 
QTSTiA the full tensor subcategory of HA^ whose objects are QFSHA, relative to all 
possible G (see also Remark 2.3 below). 

Remarks 2.3: li H e HA^ is such that Hq := H/hH as a Hopf algebra is isomorphic 
to U (0) for some Lie algebra g, then Hq = U (g) is also a co-Poisson Hopf algebra w.r.t. the 
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Poisson cobracket S defined as follows: ii x E Hq and x' G H gives x = x' + HH , then 
S{x) := {n,-^ {A{x')-A°P{x'))) + hH^H; then (by [Drl, §3, Theorem 2]) the restrictfon 
of 6 makes g into a Lie bialgebra. Similarly, if K e Ti-A^ is such that Kq := K/hK 
is a topological Poisson Hopf algebra isomorphic to -F[[G']] for some formal group G then 
Kq — F[[G]] is also a topological Poisson Hopf algebra w.r.t. the Poisson bracket { , } 
defined as follows: if x, y G Kq and x', y' G K give x = x' + HK, y — y' + hK, then 
{x,y} := {h~^{x' y' — y' x')) + HK; then is (the algebra of regular functions on) 

a Poisson formal group. These natural co-Poisson and Poisson structures are the ones 
considered in Definition 2.2 above. 

2.4 Drinfeld's functors. Let H he a (topological) Hopf algebra over Ik:[[^]]. For each 
n G N, define A^: if — > iJ®" by := e, A^ := id^, and A'^ := (A0idf ^""^^) o A^-^ 
if 71 > 2 . For any ordered subset E — {ii, . . . , ik} C {1, . . . , n} with ii < ■ ■ ■ < ik , define 
the morphism H®^ — > H®'^ by ^^(oi ® • • • ® ak) :— hi ® ■ ■ ■ ® hn with hi := 1 
if i ^ S and hi^ '■= cim for 1 < m < A; ; then set A^ := Je o A*^ , A0 := A° and 

5e ■= Yl (— 1)""^^ ^A^;' , ^0 := e . The inverse formula A^ = XIi^ce^* holds too. We 

E'CE 

shall also use the notation Sq := ^0 , dn := 5{i 2,....n} • Then we define 

ff' := {a e I (5n(a) e /t"iy®" Vn e N} {^H). 

Note that the useful formula Sn = (idjj — e)®" o A"^ holds, for all n G N+ . Since 
H splits as H — k[[h]] ■ 1^ © , and (id — e) projects H onto ■= Ker{e) , from 
Sr, = (id« -efo A" we get 5„(a) = (id« - e)®''(A"(a)) G J«®" for aU a G i/ , n G N . 

For later use, we recall that ([KT, Lemma 3.2]), if $ is any finite subset of N then 

S^iah) = EAuy=$'^A(a)5y(6) y a,heH; (2.1) 
6^{ah-ha) = Zj,^y^^{SA{a)SY{h)-6Y{h)6A{a)) \/a,heH,^^%. (2.2) 

Now let Ih := e-^{h^[h]]) ; set i^^ := ^ ^""^/i^" = E {^~^IhT = U (^"^^«)" = 

n>0 n>0 n>0 

En>o^"""^ff" (inside k((n)) Otf^^]] if), and define 

:= fi-adic completion of the k[[/i]] -module . 

By means of this constructions, the QDP says that any QUEA provides also a QFSHA 
for the dual Poisson group, and any QFSHA yields also a QUEA for the dual Lie bialgebra: 

Theorem 2.5. ("The quantum duality principle" [=QDP]; cf. DrinfeVd [Drl, §7j; see 

also Etingof and Schiffman [ES, ^10.2], or Gavarini [Gal], for a proof) The assignments 
H I— > and H ^ H' , respectively, define tensor functors QJ-'SHA — > QUSA and 
QUEA — > Q J- SI-LA, which are inverse to each other. Indeed, for all Uf^^Q) G QUSA 
and all Fn[[G]] G QTSHA one has 

Unig)' / hUnig)' = , Fn[[G]]'' / h Fn[[G]]'' = Uig*) 

that is, if Ufi{g) is a quantization of U{g) then Uh{g)' is a quantization of F\\G*\\, and 
if is a quantization of F[[G]] then F\\G*]\^ is a quantization of U{g*) . □ 

In addition, Drinfeld's functors respect Hopf duality, in the sense of the following 
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Proposition 2.6. (see Gavarini [Gal, Proposition 2.2]) Let Un E QU8A, Fn e QrSHA 
and let tt : 11% x Fj% ^ ^\[^ be a perfect Hopf pairing whose specialization at h = is 
perfect as well. Then n induces — by restriction on l.h.s. and scalar extension on r.h.s. — a 
perfect Hopf pairing Ua'xFf^ whose specialization at h = is again perfect too. □ 

2.7 Quantum subgroups and quantum homogeneous spaces. From now on, 
let G be a formal Poisson group, g := Lie{G) its tangent Lie bialgebra. We assume 
a quantization of G is given, in the sense that a QFSHA -F;i[[G']] quantizing -F[[G']] and 
a QUEA Un,{g) quantizing U{q) are given such that, in addition, = Un,{Q)* : = 

ffoirik[[;j]] ]k[[/i]]) as topological Hopf algebras; the latter requirement is equivalent 

to fix a perfect Hopf algebra pairing between and Unio) whose specialization at 

= be perfect too. Note that this assumption is not restrictive: by [EKl], a QUEA Un.{Q) 
as required always exists, and then -F;i[[G']] can be simply taken to be = t^fi(0)* , 

by definition. Finally, as a matter of notation we denote by tt^^: » -^[[G*]] and 

TTj/^: Ufi{Q) » ^(0) the specialization maps, and we set := -F'ftffG]] , Un, := ^ft(s) • 

Let K be a formal subgroup of G , and t := Lie{K) . As quantization of K and/or 
of G I K , we mean a quantization of any one of the four algebraic objects T, C, 3 and C 
associated to them in §1.2, that is either of the following: 



(2.3) 



(a) a left ideal, coideal Xf^ <^ < F;j[[G]] such that Z^jhTn, = 'Wpn^h) = ^ 
ih) a subalgebra, left coideal Cn <> ^^-F^ffG]] such that Cn/hCn = t^fACh) = C 
(c) a left ideal, coideal 3% ^ such that 3n/h3n. = T^Uni'^h) = J 

{d) a subalgebra, left coideal ^(.Unio) such that ^n,/h^ti — T^Ur,{^h) — ^ 

In (2.3) the constraint Xn/hXn = npni^h) — ^ means the following. By construction 
In' >Fn[[G]]^^Fn[[G]]/hFn[[G]] ^ F[[G]] , and the composed map >F[[G]] 

factors through Tn/hXn] then we ask that the induced map Xn/hXn > -^[[G^]] be a 

bijection onto Ttpnilh) , and that the latter do coincide with X; of course this bijection 
will also respects all Hopf operations, because 'npf^ does. Similarly for the other conditions. 

The existence of any of such objects is a separate problem, which we shall not tackle. 
However, the four existence problems are in fact equivalent, in that as one solves any one 
of them, a solution follows for the remaining ones. Indeed, much like in §1.2, one has: 

— (a) <^=^ (d) and (b) <(=^ (c): if X^ exists as in (a), then Cn := Xf{^ enjoys the 

properties in (d); conversely, if Cn, exists as in (d), then X^ := itf{^ enjoys the properties 
in (a) (hereafter orthogonality is meant w.r.t. the fixed Hopf pairing between Fft[[G]] and 
Uhid) )• The equivalence (b) <^==^ (c) follows from a like orthogonality argument. 

— (a) <^=^ (b) and (c) <^=^ (d): if X^ exists as in (a)^ then Ch ■.= X^°^^ is an object 

like in (b)\ on the other hand, if Cft as in (b) is given, then X^ := Ffi[[G]] -C^ enjoys all prop- 
erties in (a) (notation of §1.2). The equivalence ('cj<^=^ (d) stems from a like argument. 

From now on, we assume from scratch that quantizations X^ , Cn, , 3% and 3fi as in (2.3) 
be given, and that they be hnked by the hke of relations (l)-(2) in %1.2, namely 

(i) Xft = , <Ln = Xn^ (ii) 3% = Cr"^ , Cn = , . 

(Hi) Xn = Fn-C+, Cn = Fn''''^^ (iv) 3n = Un-€+, €n = Un"'''' ^"^ 
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(a) 


Itr <i < Fn[[G]] , 


InnhFn[[G]] 


= filh , 




= I 


(b) 


Ch<' <iFn[[G]] , 


CnnhFn[[G]] 


= hCn , 


Cn/nCn 


= C 


(c) 


'^h <t < Unio) , 


3nnhUn{g) 


= ^^h , 




= 3 


id) 


<^ <e f/fi(0) , 




= h€n , 




= C 



In fact, one of the objects is enough to have all the others, in such a way that the 
previous assumption holds. Indeed, if coS := coS{G) let Yft(co»S) := co5 
all Y e €} . The equivalences (a) <^ (d), (h) (c), (a) (b) and (c) 

(d) seen above are given by bijective maps Xn^coS) < — * itn,{coS) , Ch{coS) < — ^ 3fi{coS) , 
Xn^coS) < — > Cn{coS) and 3n.{coS) < — > Cn,{coS) respectively. Altogether these maps 
form a square, which happens to be commutative. This follows from the fact that each 
of these maps, or their inverse, is of type Xn. ^ , An i-^ H^A'^ or Kn }j^^n. 

(see §1.2): since the general relations X^, C (X^)^ and A^, C hold, and these 

inclusions turn to identities at /i = , one gets Xn = (X^) ^ and An = }{'^^^^^^ ■* ^ which 
are the key steps to prove (easily) that the square of maps is commutative, as claimed. 

Note also that the sets Xn^coS), €n{coS), Cn{coS) and 3n{coS) are again lattices 
w.r.t. set theoretical inclusion, so they can (and will) be thought of as categories as well. 

Remarks 2.8: (a) Let X e { J, C, J, and Sn E {Fn[[G]l Unid)} • Since ns^Xh) = 
Xn j [Xn n fiSn) , the property Xn j hXn = 7is^{Xn) = X is equivalent to Xn D hSn = 
hXn- Therefore our quantum objects can also be characterized, instead of by (2.3), by 



(2.3)' 



along with conditions (2.4). In any case, next Lemma proves that the formal subgroup of 
G obtained as specialization of a quantum formal subgroup is always coisotropic (much 
like specializing a quantum group one gets a Poisson group). 

(b) If a quadruple (X^ , Cn^'^n-, *^h) is given which enjoys all properties in the first 
and the second column of (2.3)', then one easily checks that the four specialized objects 
^ := '^h\n=Q^ C := ^A^^q, ^ ■= ^h\n=Q and C := Cn|^^o verify relations (1) and (2) 
in §1.2, thus they define one single pair (coisotropic subgroup, Poisson quotient), and the 
quadruple (Xn , Cn, '^n, ^n) then yields a quantization of the latter in the sense of §2.7. 

(c) The existence of quantizations for a given formal coisotropic subgroup is an open 
question, in general. However, Etingof and Kahzdan provided a positive answer for the 
special subclass of those formal coisotropic subgroups K which are also Poisson subgroups 
(which infinitesimally amounts to i := Lie{K) being a Lie subbialgebra) ; see [EK2, §2.2]. 
Several other examples of quantizations exist in literature for scattered cases of special 
coisotropic subgroups of interest: we shall deal with one of them in §6. (} 

Lemma 2.9. Let K be a formal subgroup of G, and assume a quantization Xn, Cn, or 
Cn of X, C, 3 or €. respectively be given as in ^2.7. Then K is coisotropic. 

Proof. Assume Xn exists. Let f,g eX, and let EXn with Tip^{{p) = f , TTF^i^^) = 
g. Then by definition {f,g} = 7TF^{h~^[ip,'y]) . But [</?, 7] G XnnhFn[G] = HXn by 
assumption, hence h~^[(p,'y] G Xn, thus {f,g} — 7rFR(^~^[</', 7]) G TXPni^h) = ^T, which 
means that X is closed for the Poisson bracket. Thus (see §1.6) K is coisotropic. The 
proof is entirely similar when dealing with Cn , 3n or Cn ■ □ 
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2.10 General program. Starting from the setup of §1.2, we will move along the scheme 

(a) X {QF[[G]]) ^Xn (CF,[[G]]) ^ (CF,[[G]]^) ^X,- (c (F,[[G]]^)„= U{q*)) 

(b) C {CF[[G]]) ^ Cn (CF,[[G]]) ^ C,^ (CF,[[G]]^) C (c = [/(s*)) 

(c) a (c t/(0)) ^ a, (c ^3fl{c uM') ^ Jo' (c (c/,(0)')o = f[[g*]]) 

(d) C (C C/(0)) ^ <Ln (C (c (c (C/ft(0)')o = ^[[^^1]) 

In the frame above, the arrows (1) are quantizations, as in §2.7, and the arrows (3) 
are specializations at /i = . The middle arrows (2) instead are suitable "adaptations" of 
Drinfeld's functors to the quantizations of -ftT or of G/K in left hand side: roughly, one 
takes the suitable Drinfeld's functor on -FffG]] , resp. on U{q) , and restricts it — in some 
sense — to the subobject T or C , resp. Of or (T . The points to show then are the following: 

First : each one of the right-hand-side objects above is one of the four algebraic objects 
which describe a (closed formal) subgroup of G* : namely, the correspondence is 
(a) =^ (c) , (b) =^ (d) , (c) =^ (a) , (d) =^ (b) . 

Second : all the formal subgroups of G* associated to the four objects so obtained are 
coisotropic. 

Third : the four formal subgroups of G* in (b) do coincide. 

Fourth : if we start from K e coS{G) , then the formal coisotropic subgroup of G* 
obtained above is K-^ (cf. Definition lA(a)). 



3 Drinfeld-like functors on quantum subgroups and Poisson quotients 



In this section and next one we introduce Drinfeld-like functors for quantum coisotropic 
subgroups and Poisson quotients. In particular, wc start with , Cn ■, '^n and €n as in 
§2.7, hence enjoying (2.3), or equivalently (2.3)', and (2.4), with Ffi and Un, as in §2.7. We 
begin moving step (2) in §2.10, with a definition whose meaning is (roughly) to "restrict" 
Drinfeld's functors from quantum groups to quantum subgroups or Poisson quotients: 



(a) Xn" := E^=i • I""-' ■ = E~ i • • 



Definition 3.1. (Drinfeld-hke functors for subgroups) Keeping notation of ^2.4, we define: 

h = E~ 1 • • In ; 
Cn + Zn^i h-^-{Cnniy = km] ■ 1 + Zn=i h-^-{Cnnjy ; 



(b) 

(c) 3h 

(d) €^ 



5„(x)e;i"ELi^ft®^'"'^®^ft®t^ft®^""'^' VneN+} ; 
5„(a;)e/i"t/ft®("-i)§C;,, VneN+} . 



3.2 Remark: The following inclusion relations hold, directly by definitions: 
(i) Xn" D Xn , (u) D Cn , (in) 3fi C 3^ , (iv) €^ C €h 
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Moreover, definitions and assumptions in (2.3)' imply that = Xf^ HFf^ , C^, — C^nFf^ , 
= ^fiOUfi' and = CfidUfi' : thus we are just "restricting" Drinfeld's functors. <0> 

We can now state the QDP for formal coisotropic subgroups and Poisson quotients: 

Theorem 3.3. ("QDP for Coisotropic Subgroups and Poisson Quotients") 

(a) Definition 3.1 provides category equivalences 

( Y: Xn{coS{G)) -^3n{coS{G*)) , ( Y : Cn{coS{G)) (Ln{coS{G'')) , 

( )• : 3r,{coS{G)) -^In{coS{G*)) , {f: €n{coS{G)) -^Cn{coS{G*)) , 
along with the similar ones with G and G* interchanged, such that ( )' o ( )^ = ^'dco5(G) > 
iV = ^dcoS{G*) , and o{Y = idcoS{G) , ( )^ o ( = i(icoS{G*) , and so on. 

(b) (QDP) For any K e coS{G) , we have 

x(6)/ modnFfi[[G]]^ = a(e^), cii)^ mod;iFfi[[G]]^ = , 

3{l)'f^ uvodhUnio)' = X(«^), mn mod hUnig)' = C{t^) . 

In short, the quadruple C{t)^, 3{t)f^, is a quantization of the quadruple 

(j(«^),e(t^),X(e^),C(e^)) w.r.t. the quantization {Ff,[[G]]'',Un{9y) of {U{q*), F[[G*]]) . 



§ 4 First properties of Drinfeld-like functors 

We shall now study the properties of the images of Drinfeld-like functors for general h . 
The main result is — Proposition 4.4 — that they are quantizations of some (unique) pair 
(coisotropic subgroup, Poisson quotient), in the sense of §2.7, for the Poisson group G*. 

Lemma 4.1. The following relations hold (w.r.t. the perfect H op f pairing between Uj^ and 
Ff^ given by Proposition 2.6 for the orthogonality relations (i)-(ii)): 

(i) Xft^ = (e:,^)^, c:a'=(X,^)^ (n) 3^ = {Cn')^, Cn^ = {3n)'- 

(iii) In' = Fn''-{Cn^f,Cn^ = {Fn^y"^'^ (iv) 3n = U,( ■ (t^)-' , = {U,:^'' 

Proof. Let / — Ip^ be the ideal of considered in §2.4, and take yi, . . . , yn-i G I ; then 
(j/i, 1) = e{yi) e h ■ lk[[/i]] , for all i = 1, . . . , n — 1 . Given yn € X^ and 7 e , consider 

lf[y^,l) = l^y^A''{l)) = (®y^. E 5*(7)\= E ( (8)c^,5*(7)V 

/ \i=l I \i=l *C{l,...,n} / *C{l,...,n}\ i=l / 

Now consider any summand in the last term in the formula above. Let |^'| = t {t <n): 
then ( yi,(^*(7)) = ( Vu^til)) ■ Ylj^^iVj-, 1) , by definition of 5* . Thanks to 
the previous analysis, we have Y{j^i^{yj, 1) £ /i"'~*k[[/i]] , hence 
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because 7 G ; therefore {Yl^^iUi 1 1) ^ ■ And even more, the rightmost tensor 

factor in each summand 5^(7) always befongs to (as also 1 e Cn), whereas y-n ^^h = 

€n~ ■■ therefore ( HlLi Vi , l) = { <S>7=iyi ■> S<E'C{i,...,n}^f (7)) = • This means that 

X/C(C,^)^, (4.1) 

Now take k e {in) Q {Fn)* = Un (using Proposition 2.6 for the last equality). 
Since K, e Ufi' , we have 5n{K,) G h^Uf^^'^ for all n e M, and moreover from k e i^h)^ 
it follows that k+ := 5n(«) enjoys //® , k+) = , so that 



In addition, 5n{K) e J®", where J := Jj/^ = ifer(e: Un — > k[[^]]) ) hence 5n(«) £ 
f^nu^®n ^j®n ^f^n j®n.^ this together with the above formula yields 

^ ^ \r+s=n-2 / 

where in the third equality we used the fact that J-*- = ; the last equality then follows from 
{2A)(i). Thus K+ e Un^^'^'^^^^in, hence ^^(k) e t/^® ("^-^^ § Cft for all n e N: so 
K E €n ■ We conclude that (Xft^)"*" C C;^ , which together with (4.1) gives €n = (ift^)''" . 
By Proposition 2.6 the specialization at = of the pairing between Un and Ff^ is 

perfect too. From this we can easily argue that Xn^ = ^(Xft^)"*"^ mod HFj^ , whence 

Jn^ = (^Xn^^'^^ follows at once by /i-adic completeness. But then starting from = 

(Xn^)^ , hence {<tn)'^ = (^Xn^)^^ , we finally get (tn)'^ =Xn , thus (i) is proved. 
The proof of (ii) is similar. First of all, by {2A)(ii) and definitions it is clear that 

3nQ{CnY, Cn'Qi^n)^. (4.2) 

Now notice that ^ Cn , so {C^)^ C = 3n , due to (2.4) (ii); thus {C^)^ C Jn ■ 
Second, pick 77 G (C?f)^ ( C Un) • Then ^^(77) G /I'^t/;,®" for all n G N+ , and from 
7] G (Cft^)"'" we get that ?7_|_ := h~'^ 6n{ri) enjoys ({Cn fl/)'^"^, ?7_|_\ = , so that 



77+ G ((Cftn/)®Y= S f/ft®'^®(Cftn/)^gc/a^ 

^ ' r+s=n—l 
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Moreover Sniv) G J®'^ , hence Sn{v) G fi'^ C/^® " n J® " = Ti^J®" , so 77+ e J®" and 

v+ e ((C;,n/)®")^nJ®- = (E.+.=n-i t^^®'"® (Cftn/)^®^/^®^) n J®- = 

= Er+s=n-i ^ ® ((Cft n / )^ n j) g J® ^ . 

Now (Cfi n / n J = Cft-^ n J = n J C ^ft , thanks to (2.4) (ii). The upshot is 

whence we get Sniv) ^ Er+s=n-i Un®'^% § t/ft ® * for all n e N+ . Since in addition 
rj e 3fi, for we proved that {Cn) C , we argue that rj e 3h ■ The final outcome is 
{Ch)'^ C Df^j' , which together with (4.2) implies 3n = (Cn)^ , q.e.d. 

With like arguments as for part (i) one proves that ((C^^^^^ = C}( and then argue 

that i^h^ = ; this ends the proof of claim (ii) too. Finally, (Hi) and (iv) are 
straightforward consequence of relations (Hi) and (iv) in (2.4) and of definitions. □ 

Lemma 4.2. 

(a) In" <i Fn"" (b) Fn"" (c) 3^ <e Un' (d) C^! Un' ; 

(e) In" < F^ (f) <e Fn"" (g) 3^ < Url (h) it^ <e Un' 

Proof. The statements on the first line are proved directly, and imply those on the second 
line via the orthogonality relations of Lemma 4.1. 

Claim (a) is straightforward, and (b) follows directly from definitions. To prove (c), 
let a G Un,' and b G 3f{ : by definition of 3f{ , from 3n, U^ and from (2.1) we get 
Sn{ab) G h''^'^^^Uffi'^'~^^^3n®Un^^"'~"\ so o,b G 3f{ ; thus 3f{ <i Un ■ Recall that 
Un is commutative modulo /i, and hUn G 3n'- then 3n ^£ Un implies 3n ^ Un 
(a two-sided ideal), thus proving (c). Lastly, to prove (d)., remark that 1 G €ft and 
5n{l) = for all n G N, so 1 G tn ■ Let x,y e ^n and n G N; by (2.1) we have 
Sn{xy) = J2auy={i n}^^(^) ^y(y) • Each of the factors 5a{x) belongs to a module 

nl^l Un^ (l"^!"^^® X where the last tensor factor is either X = €n (if n G A ) or X = {1} C 
€n (if n ^ A ), and similarly for Syiy) ; but Auy = {1, . . . , n} implies |A| + |F| > n , and 

summing up Sn{xy) G ^"t/ft® Cn , whence xy G Cn • Thus Cn <^ Un , q.e.d. □ 

Remark : in the previous proof one might also prove the required properties for only 
one of the objects involved, say 3n for instance: then the properties of all others objects 
will follow from relations (i)-(iv) in Lemma 4.1. 

Lemma 4.3. 

(a) In'nfiFn'' = hln^ , (b) n^Fn"" = hC^ , 

(c) 3,lnfiUn' = h3fl , {d) C^CifiUn' = hC^! . 



14 NICOLA CICCOLI, FABIO GAVARINI 

Proof. We start proving claim (c). Let r] e 3f{ H hUn' = h3ti ■ Then 

Sniv) e {{Y::=iUn^^'''^ ^^n^Un^^''~'^)nfiUn^'') (4-3) 

for all n e N+ . Now, for n e N+ we have (Es=i^?i® ^'"^^ ^ ^ft ^ ^""'^) D ^ ^^ft® " = 

Es^it^;^®^'"'^® (^ftn^t^;i)®t^fi®^"~'^ and since JnCif^Un = h3n by (2.3)', from 

(4.3) we conclude that 6n{v) e ^''+^Es=it^ft® ^'"^^ § ^ft § t^ft® ^""'^ for all n e N+ , 
which in turn means rj & h3fi , q.e.d. The converse inclusion 3fl n hUfi' D h3f{ is 
trivially true. The same arguments prove (d) as well. 

As for (a) and (b), we can give a rather concrete description of the objects involved, 
starting from Ff^ . Let / := Ip^ as in §2.4, J := Ker{e: — > ) , and := 

h-^J C Fn' . Then J mod /iFr = Ker[e: F[[G]] k) , and Ja/ja = 5* • 

Let with n := dim(G) , be a k-basis of Jaj Jo i and pull it back to a 

subset 0'i,...,jn} of J. Then [h'^^^j^ modhF^ |eeN"} (with j- := 11^=1 
and similarly hereafter) is a k-basis of Fq^ and, setting := h~^js for all s, the set 
{ji 1 ■ ■ ■ iJn} a k-basis of t := mod hFf^ . Moreover, since j^ji, — jujfi E hJ (for 
e {1, . . . ,n}) we have > - = Es=i Cs js + ^^7i + ^72 for some Cs e k[[h]] , 
71 e J and 72 e J^ whence K, ] := - = E^i mod thus 

t := mod hF}^ is a Lie subalgebra of Fq^ : indeed, Fq^ = U{i) as Hopf algebras. 
Now for the second step. The specialization map tt^: F}^ — » F(^ = U{l) restricts 

to r/: » t := J^mod hFn"^ = J"^ j J"^ n {KF^) = j (j + Jn) , because 

n {hFn) = n h~'^Ip^ = Jh + J^Jn ■ Moreover, multiplication by yields a 

k[[/i]]-module isomorphism » J^. Let p: — » JajJa = 0* be the natural 

projection map, and v : q* " — > Jq a section of p . The specialization map tt : Ffi — » Fq 
restricts to tt': J — » J / (J H /iF/i) = Jn/h Jn, = Jg '■ we fix a section 7: ^ — > J?i of 
tt'. Then the composition map a := r] o p o 'j o 1/ : g* — > t is a well-defined Lie bialgebra 
isomorphism, independent of the choice of u and 7 . In fact, one has (see [Gal]) Fft[[G]] = 
{k[[ju...,jn]])m] and Un{Q)={k[j]!,...,j^])m] as topological k[[n]]-modules. 

For our purposes we need a special choice of the k-basis {j/i, ■ ■ ■ ,yn} of q* = Jq ^ . 

Namely, letting k := dim(i^) , we fix a system of parameters {ji, . . . j jkj jk+ij • • • ijn 

} for 

like in the end of §1.6: then in particular ({j^+i, . . . ,_7^} mod ) mod t* is a 
k-basis of q* = 1-^ , the cotangent space of G/K at the point eK . 

By construction (l+J^ ) fl Span ({ji, . . . ,jk}) = {0} and p(X) = (I+Jq^ ) mod J^^ = 
Span ({^fc+i, • ■ • , Un}) = ■ Thus we choose this set {yi, . . • , yt, Vk+i, • • • , J/n} as the 
basis of Jg^ Jg = 0* to start with. Then identifies with the left ideal of = 

(k[[ji, . . . , j^]]) [[/i]] generated by {jfc+i, . . . , jn} , which is the set of all formal power series 
in {ji, . . . jjn,h} such that in each monomial with non-zero coefficient at least one out 
of jk+i, ■ ■ ■ ■, 3n does occur with non-zero exponent. Similarly, Xf^ identifies with the left 
ideal of Unio) = (k[j7, . . • , generated by {j^+i, • • • , Jn} > which is the set of aU 

formal power series in h with coefficients in kh'^, . . . such that in each monomial in 
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the j^'s with non-zero coefficient at least one out of j^+i, ■ ■ ■ , Jn occurs with non-zero 
exponent. But then it's clear — thanks to (2.3)' — that n C /iX/ . The 

converse inclusion Ifi^ fl hFfi[G]^ D filh is obvious. Similarly one proves (h). □ 

Altogether, Lemmas 4.1-4.3 yield the main result of this section, namely 

Proposition 4.4. Xj^ , CC^, Ch and 3n are quantizations of a pair (coisotropic subgroup, 
Poisson quotient), in the sense of ^2.7, for the dual Poisson group G* . □ 

Next result instead shows that the construction by Drinfeld-like functors is involutive: 

Proposition 4.5. The following identities hold: 

Proof. From the very definitions we get 

for all n G , which means exactly that {Xf^) 5 In ■ Similarly, we have also 5ji(^Cfi) C 
J^f("-i)®CftC (h--'{Fn'f^''~'^)^(hC^) = h^-{Fn^f^''-^^®C^ for aU n e N+ , 

which means exactly that {C^)^ 5 . On the other hand, by definitions 3h H Jpn = 
e( 3n n Jph) + 5i ( 3n n Jf,J = ( '^n n Jfh) ^ ^ ( Jf,J , which implies [3n )^ C . 
Similarly, ^^nJpn = H Jf„) + h{^n H J^J = f] Jp^) C h- {CnH Jp^) 

yields (C^ ) Q '^h • Thus all identities in the claim are half proved. 

To prove the reverse inclusions (X^^) 'CX;j and (C^) C Cn one can resume the proof 
of Proposition 3.2 in [Gal], which shows that {Ff^Y ^ Ff^: in fact, the same arguments 
apply almost untouched with Cn instead of Fn , and also (with minimal changes) with 
instead of . The outcome is (X^^)'CXft and (C^) C Ch , whence identities hold. 

To finish with, by Proposition 4.4 we can apply twice Lemma 4.1 and get {^h^ = 

((X,^)')^ and {3^f= {{C^fy. As {l^)' = In and (0'= , we get (e,^)" = 

X/ and {3n f = Cn^ ; but then (2.4) eventually yields {Cn f = €h and {3^ Y = ^h- □ 

Remark : like for Lemma 4.2, in the previous proof we might prove only one of the 
identities in the claim, e.g. that for X^ : all others then follow via (i)-(iv) in Lemma 4.1. 

§ 5 Specialization at = 

We shall now look at semiclassical limits of the images of Drinfeld-like functors. The 
result — Proposition 5.2 — will be {^'^•> G* /K^^ , in the sense that this will be the pair 
(coisotropic subgroup, Poisson quotient) mentioned in Proposition 4.4. 
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Lemma 5.1. Let S{G*) be the set of formal subgroups of the formal Poisson group G* . 

(a) Iq^ <e<Fo[[G]]^ = U{g*) , whence Iq^ = U{g*)-l for some Lie subalgebra I < Q* ; 

(b) Cq -^o[[G^]]^ — U{q*) , whence Cq = U{\j) for some Lie subalgebra i) < Q* ; 

(c) :Jo' <u Uo{q)' = F[[G*]] , whence 3^ = J(r) for some F e S{G*) ; 

(d) ^0 <^<tUQ{Q)' = F[[G*]] , whence <LQ=F[[G*]f for some e S{G*) ; 

(e) Let H e S{G*) be the formal subgroup of G* with Lie{H) — f) , and let L e S{G*) 
be the one with Lie (L) = I . Then F = H = L = O . 

(f) the formal subgroup F = H = L = O in (e) is coisotropic in G* . 

Proof. Statements (a) and (d) follow trivially from Lemma 4.2; the same also implies part 
of (b) and (c), in that Jq is a bialgebra ideal of 1/0(0)' is a subbialgebra of Fo[[G]]^ . 

Now, -Fo[[G]]^ = U{q*) , and a subbialgebra of any universal enveloping algebra (such as 
U{q*) ) is automatically a Hopf subalgebra: thus Cq is a Hopf subalgebra. On the other 
hand, the orthogonality relations of Lemma b.l(ii) imply that 3q is a Hopf ideal too. 

Claim (e) follows directly from Proposition 4.4 and from Remark 2.'&(b). 

Finally (f) follows from Proposition 4.4 and Lemma 2.9. □ 

Proposition 5.2. The coisotropic subgroup F = H = L = of Proposition 5.1 coincide 
with G coS{G*) (cf. Definition 1.4)- In other words, I = f) coincides with t"*" ( C g*) . 

Proof. We resume the construction made for the proof of Lemma 4.3, with same notation. 
In particular we fix a special subset {ji, . . . , j/t, jjt+i, • • • , Jn} of enjoying the properties 
mentioned there, and call {j/i, . . . ,yk, Vk+i, ■ ■ ■ , Un} its image in Q* — Jq/ Jq . 

The same kind of analysis carried on in the proof of Lemma 4.3 to prove that a : g* = t 
shows that the unital subalgebra := Cn mod hFf^ is generated by rj^Cn H J^) = 
{fior)){CnnJ) = (a o po7v){Cnn.J) = a{p{C n Ja)) = a{p{{jk+u . . . Jn))) = a(e^) , 
where (jfc+i, • • • , jn) is the ideal of C generated by {jk+i, ■ ■ ■ Jn} ■ Therefore Cq = U{1)) 
is generated by t^, whose elements are primitive, so belong to () : then i) — t-^ , q.e.d. □ 

Corollary 5.3. T{K)f[ , C{K)^ , '2{K)^ and €{K)^ all provide quantizations, w.r.t. 
(Ufl, F^^ , of the formal coisotropic subgroup and the formal Poisson quotient G*jK^. 

Proof. The claim follows from Proposition 4.4, Lemma 5.1 and Proposition 5.2. □ 

Patching together all previous results, we can finally prove Theorem 3.3: 

Proof of Theorem 3.3. Corollary 5.3 proves that the functors m. (a) are well-defined on 
objects, and it is trivially clear that they are inclusion-preserving, so they do are functors. 
Proposition 4.5 proves the rest of claim (a)^ in particular that these functors are in fact 
equivalences. In addition. Corollary 5.3 also proves claim (b). □ 



§ 6 Example: the Stokes matrices as Poisson homogeneous S'L^*— space 

6.1 The Poisson homogeneous S'L^*— space of Stokes matrices. Let G — 5'L„(k) 
endowed with the standard Poisson-Lie structure. We denote by 5 the Cartan subalgebra of 
diagonal matrices in stn(Ik) . With b+ (resp. b_) we denote the Borel subalgebra of upper 
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(resp. lower) triangular matrices in sin', then and B_ will be the corresponding Borel 
subgroups in SL^ ■ It is well known that at the infinitesimal level the dual Lie bialgebra 
can be identified with q* = [{X,Y) e b+ © b_ \ X\^ = —Y\^}, so that the simply 
connected dual Poisson group is G* = * B , the pairs of upper and lower triangular 
matrices such that the restrictions on the diagonal are mutually inverse. 

By construction, the algebra = F[B+ ★ B-] is generated by matrix coefficients 

(1 < ^ < J < n) for the over-diagonal part of S+ , yij (1 > z > j > 1) for the 
under-diagonal part of B- , and Zi [1 < i <n) for the diagonal part of B+ . 

Let H = SOn{^) " ^ 5'L„(k) be the standard embedding. The corresponding Lie 

algebra is t) = sOn(k) . Its orthogonal in q*, for the pairing given by the Killing form, 
is = {(5,-6*) e b+®b- : b\^ = 0} and can be integrated to = {{B,C) e 

B+ -k B_ I 5 C * = Id} , which is a coisotropic subgroup of G* . We are then in the 
situation described in §1. The spaces SLn/SOn and SLn/H-^ are a complementary 
dual pair of Poisson homogeneous spaces: the former can be identified with the space 
of symmetric matrices and the latter with the space of Stokes matrices, i.e. upper 
triangular unipotent (n x n)-matrices. By construction the function algebra = 

F\G* /H \ — F[G*] is generated by elements Xij , for all 1 < i < j < n , which may 
be realized as the matrix coefficient functions on Stokes matrices. 

The Poisson structure on was first found by Dubrovin in the n = 3 case (see [Du]) 
and then by Ugaglia (cf. [Ug]) for generic n > 3 in a completely different setting: it 
naturally arises in the study of moduli spaces of semisimple Frobenius manifolds. Later, in 
[Bo,Xu] , it was shown how t/+ with such structure is a Poisson homogeneous space of the 
Poisson-Lie group B+-kB- , dual to the standard SLn, as just explained. More explicitly, 
from [Xu] one can argue the following 

Proposition 6.2. Let ^ : B+-kB_ > B+-kB_, ^{B,G) := {G\B^) and let 

= {g & B+ -kB- I ip{g) = } . Then is a coisotropic subgroup of S+ -kB- and 
= {B+ -k B-) /H-^ with its quotient Poisson structure. □ 

6.3 Towards quantization of Stokes matrices. In the present section we look for 
quantizations of t/+ : the first step is to switch to the associated formal homogeneous space. 
Actually, the function algebra = -^ft[[t^ri']] nothing but the algebra of 

formal power series in the matrix coefficient functions, say Xi,j ( 1 ^ ^ < J ^ ^)5 on t/+ . 

Now we look for a quantization Ff^ [ [U^~\ ] of F [ [U^~\ ] with the above Poisson structure: 
we shall find it applying Theorem 3.3. As our purpose is to obtain a quantum algebra of 
functions on the homogeneous space, an object of type (b) in the list (2.3), we start with an 
object of type ( d) in the same list. This means that as a starting point we need a subalgebra 
and left coideal inside Uh{s[n) quantizing the standard embedding of 50^ . This has been 
already obtained in [No, §2.3] (see also the works of Klimyk et al., e.g [GIK] and references 
therein): we recall hereafter its definition in the formal setup. We begin fixing notation 
for Unioiri)-! ^ quantum analogue of U{q\^) , and its Hopf subalgebra Unisln) '■ 

Definition 6.4. We call C/ft(gl„) the topological, h-adically complete, associative unital 
k\[ti\]-algebra with generators fi,ij, (i = 1, . . . ,n — 1; j = 1, . . . ,n) and relations 
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e/c // - fiek = Sk,i — ^ y k,l, CiCj = ej ei , fi fj = fj fi V \i-j\> 1 

4 - (g + g"^) ei Ci + ej e,^ = , - (g + g"^) /i /i + /j /f = V | i-j | = 1 

where hereafter we use notation q := exp(/i) , := exp {hX^ and ti := q^i-^i+'^ (yj J, 
It has a structure of topological Hopf k[[h]]-algebra uniquely given by 

A(/.) = /.0tri + i<8,/, , s{fi) = -fa^, e{fi) = Vi 

A(^j) = ij^i + i^ij , s{ej) = -ij , eiij) = y j 

A(ej) = Ci <S> 1 + ti (S) Ci , S{ei) = -t~^ , e{ei) = V z 



6.5 Quantum root vectors and L— operators in . We recall the notion 
of L-operators, first introduced in [FRT]: these are elements Lfj e Unigln) (with i,j = 
1, . . . ,n), which are defined as follows. Set [x,j/]a := xy — ayx (for all x, y, a), and define 

Ei,i+i :— Cj , Eij :— [Ei^k, E^j]^ , := fi , Fj^i :— [Fj^k, Fk,i]q-i ^ i<k<j 

(where g := exp(/i) again). These are quantum root vectors in UhiQin) ; ^^at the coset 

of Eij (resp. F^-^j ) modulo hUn,{Ql^) in ?7ft(0[^)y/fiC7ft(gl^) = [/(gl^) is the elementary 

matrix Bij (resp. e^^i) for all i < j . 

The L-operators are obtained by twisting and rescaling the above quantum root vectors, 

L+. := q+'^ =: g+' , L+. := +(g - g'^) g+^F,,, , L+ := (z < j) 

:= g-^^ =: g'^ , L'. := -(g - g-^) E^^^gJ^ , LJ. := {i > j) 

and satisfy the remarkable formulas ^{Lfj) = Ylk2iAj ^fiAj),k'^-^k,{i\/j) ' ^(^t?) ^ ^^'J' • 
When suitably normalized, the L-operators are again g-analogues of the elementary 
matrices of gl^ : namely, the coset of (g — g~^) L^j (resp. (g — g~^) LJ-) modulo 

hUfiiglji) in the semiclassical limit Ufi{Ql^) j hU%[s^\^ = U{gl^) is ej^i (resp. Bij) for all 

i < j . Moreover, the elements Lfj := (g — g"^)'^'"' ^ Lfj for ij^j together with the £kS 
form a set of generators for Ufi{gl^) . Set also A='= := (A^^)^^.^^ for any A e {L,L } . 

6.6 Quantization of U{sln) • For all z = 1, . . . , n — 1 , let hi := £i — £i+i . Given 
Uhis'^n) above, wc define Ufi{sln) as the closed topological subalgebra of UniQln) gen- 
erated by |/i ,hi }^_-^ • From the presentation of Un,{gl^) in Definition 6.4 one 
argues a presentation of Ufi{sin) as well: in particular, this shows that Unisln) is a Hopf 
subalgebra of Ufi{Qln) moreover, by construction we have a quantum analogue of the 
classical embedding sln^ — ^ 0^n • Note also that, for any i, j , we have Lfj ^ Unisln) ■ It 
is also immediate to check that our Hopf algebra Ufi{sln) coincides with Drinfeld's one. 
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6.7 Quantization of U{sOn) . Following an idea of Noumi, Klimyk et al., we de- 
fine Ufi{sOn) as a subalgebra of Ufi{sln)- We call Ufi{sOn) the closed topological lk[[^]]- 
subalgebraoft/ft(0(„) generated by the matrix entries of K := {L~y J L'^ = {L~y J L'^ ^ 
where J is the (n x n) diagonal matrix diag{(f'~^, . . . , qf, l) . Explicit computations give 

for the matrix entries of K, which is upper triangular with J onto the diagonal. Note 
that we have [q - q~^) L'^ -L'^ - e Uti{s{n) for all i,k,j, hence Un{sOn) Q Un{s\n) 
as well. This yields quantum analogues of the classical embeddings 50^ ' — > sin ' — ^ Q^n ■ 
Moreover, w.r.t. the Lie bialgebra structure on q inherited by its quantization Uh{Q\-n) 
one has that sOn is also a Lie coideal of gt^ , hence correspondingly SOn is a coisotropic 
subgroup of GLn . Note that we have fixed Noumi's parameters aj to be aj — q^~^ (for 
all j ). With respect to the coproduct, UnisOn) is a right coideal both of Ufi{sln) and of 
Ufi{gln) ■ Thus <tfi :— UnisOn) and Un{Q) ■= Unisln) do realize the situation of {2.3-{d)) 

— the specialization result Ufi{sOn)\f^_f^^ = U{50n) being explained in [No] — but for having 
a right instead than left coideal. However, by left-right symmetry our analysis remains 
unchanged. So := Ufi{sOn) is a quantum subgroup for the quantum group . 

We now apply the functor ( )^ : €fi[coS{SLn)) — - — >Cfi[coS{Bj^ -k -B-)) of Theorem 

3.3 to get a quantization i^ft[[C/'+]] := Un{sOnf of i^[[^C>;^]] = ■ We explain 

in detail the case of n = 3 , and then basing on that we will give a sketch of the general 
situation. Note that the over-diagonal entries of the matrix K will provide — passing from 
Uh{sOn) to -^?i[[t^rf]] '■— Un{50n)^ and eventually to the semiclassical limit of the latter 

— algebra generators of -^[[t^r?^]] 5 namely the matrix coefficients of Stokes matrices. 

Warning: Noumi's definition of Uh{sOn) is in [No, §2.4] (mutatis mutandis). It is 
explained there that one can take as algebra generators of Ufi{50n) the entries of either one 
of four different matrices, given in formula (2.18) in [loc. cit.]. Among these, we choose 
Ko := (L-) gj-iL+, where J is given above and Q is the (n x n) diagonal matrix 
diag (q'""^, . . . ,q,l) = J'^ , so that Q = J . We also need to rescale such generators, 

and eventually take K := (^q — q~^^ ^ Kq as above for the purpose of specialization. 

6.8 The algebras Unidln)' and U^isin)' • As Fn[[U+]] := UnisOnY is a subalgebra 
of Ufi{Qi^y and i7?i(sln)' , we do need a clear description of these objects. 

By definition, the topological Hopf algebra UniQln) is Q-graded, Q being the root lattice 

of 0l„ , with d{ fi) = —ai , d{hi) = , d{ei) := +ai where ai is the z-th simple root of 
0[„, for alH. Also, d{Fj,i) = d{A+j) = - E^<fc<J «fc =: and d{Eij) = d{A-^) = 

+ Si<fc<j'^fc =: +ai.j , for all i < j and A G {L,L}. It follows that ^/^(gl^)®'^ is 
(5®'^-gradcd as a topological algebra, and the like for t/^(s[^)®'^ (for all d eN). 
The formulas for the coproduct of L-operators in §6.5 can be iterated, yielding for 

where :— | /ci, . . . , kdi-i \ i < ki < k2 < ■ ■ ■ < k^-i < J } for i < j , and similarly 
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where := { /ci, . . . , kd-i \ i > ki > k2 > ■ ■ ■ > k^-i > J } for i > j . In particular, 

^"{LIj) = Er+s=i-i{9tT^ ® % ® (^f + R (hereafter e e {+, -}) 

where is a topological sum of homogeneous terms in t/;j(gl„)®^ whose degree in Q®'^ is 
of type . . . , dd) , each being a positive or negative root (according to £ = — or 
£ = + ) of height less than that of at^j . Finally, for all i = 1, . . . ,n we have 

Now let $_(_ (resp. $_) be the set of positive (resp. negative) roots of 0[„ , and fix any 
total ordering :< on . Set also := Lfj for each root a = ^ aij . The well-known 
quantum PBW theorem (adapted to the present case) ensures that 

is a topological lk[[/i]] -basis of [/^(gt^) ; hereafter the products over positive or negative 
roots are made w.r.t. the fixed total ordering. 

Given M e § we set \M\ := Eae*_ A+ + T,7=iVi + E aG*+ Aq , the sum of aU 
exponents occurring in Ai . Since A'' is a graded algebra morphism, the previous formulas 
imply that for each PBW- like monomial in § we have, for all d> \M. \ , 

® hi ® ■ ■ ■ ® /ii^i?^ ® • ■ ■ ® /in-i6'i'^ ® • ■ ■ ® /i„_i6'[''"-'^® 

lol ii'l "'71 — 1 ""n — 1 

® Ci!? • • • ® C?i"' ^ • • • (g) LT^ Ci!i ® • • • LT^ CS?""^ ^0 

(8)Vi<8)---®V'd-|M| + 7^ 
where ai :< a2 :< • • ■ di ol^ (with A/" = (2)) are the positive roots of gl^ , each one of the 

C-a^'s, the P/i. s, the C+a^'s and the V'p's is a suitable monomial in the grj^ 's, and finally T 
is a sum of homogeneous terms whose degrees are different from the degree of the previous 
summand. From this and ^{L^j) = = e{£k) (for all k and all i ^ j) we argue 

Sd(M) = L+ C^^^ ^■■■®L+ C^^^'^ ® ■ ■ ■ ® L+ C^^^ (g)---®L+ A^^-"Jv)^ 



-ajv 



(6.1) 



(8) (V'l - 1) (8) • • • ® (V'd-lAll - 1) + P 

where P := (id-e)®^(T) is again a sum of homogeneous terms whose degrees are different 
from that of the previous summand (which is homogeneous too). In the latter each tensor 
factor belongs to UnidK) \hUn{dln) : whilst {tpk - 1) e hUnigin) \ ^?i(0^n) for all k: 
the outcome is 5d{M) E UniQlJ \ h'^-^^^+^ UnidlJ for ell d>\M\, whence 

M := h^^^ M e UMn)' \ hUniQlJ ^ MeS. 

From this we eventually get S := A1 e S | C t/ft(0(„)', thus also the lk[[/i]]-span 

of S is contained in [/^(gt^)' . In fact, the previous analysis also allows to revert this last 
result, thus proving the following 



QUANTUM DUALITY FOR COISOTROPIC SUBGROUPS AND POISSON QUOTIENTS 21 



Claim : S is a topological k[[H]]-basis of UniQin)' ■ 

Indeed, let rj G Ufi{Ql^y and take an expansion r/ = '^_\4^gCM -M of rj of minimal 
length as a linear combination over k[[h]] of elements of S. Let's call M"^'® the first 
summand in right- hand-side of (6.1): then our analysis gives 

Uv) = ^Mes^MSdiM) = EMes^M{M''^ + P) = Eim\=^^^m M^'^ + R- 
where := max{|A<|}^^g and i?_ is a sum of homogeneous terms whose degrees 
are different from the degrees of any summand in ^\m\=ij,+ ^-M. Al*^'® . Therefore 5d{r]) G 
^'^UniQin) (as V e UniQij') forces also Eim^m/-^ •^'^'^ ^ ^^"^ ^ni&l J ■ Again by a 

simple degree argument we get V cm •M.^''^ £ ^'^t^ft(5^n) fo^ P E Q . Using 

|X|=M+ 

a(M)=p 

linear independence of monomials in the L^'s with different exponents (consequence of the 
quantum PBW theorem) we get also ^ cm A^*^'® G h!^ t^ft(s^n) where is the set of 



all monomials A4 with \A4\ = IJ,+ and Gxed exponents . Again by quantum PBW, this 
happens if and only if J2 (^M -M. G Ufi{gl^) , which in turn implies cm £ ^[[^]] 

for all M. involved; so this last sum can be written as r]+ = ^ cm -M. — ^ cm M. , 

which belongs to the topological k[[^]]-span of §, with cm '•= fi~^~^CM ^ ^[[^]] ■ But 
then also -q' := r] — rj+ G C/ft(0[„)' , and rj' has less non-zero coefficients in its expansion 
w.r.t. the topological k[[/i]]-basis S . Iterating this argument, we eventually find that 77 
belongs to the topological k[[/i]]-span of §, q.e.d. 

Note that each M G S is a monomial in the elements £k '■= and the hL^^ = 
h{q — q~^) ^ , hence these are topological algebra generators for Un,{Q\-n)' ■ Further- 
more, since [q — q~^^ is an invertible element of k\\K\\ , we have also that C/ft(gl^)' is 
generated, as a unital k[[h]]- algebra, by the hf - 's and the £k 's (for all i, j, k ). 

In the semiclassical limit Un{giJ = F[[GL*]] = F[[B^^ B^]] = F [[b% ^ b'l]] , 
the above generators specialize to matrix coefficients onto b^jl * b° ; hereafter is the 
Borel subgroup in GLn of upper/lower triangular matrices and := Lie(^B'^^ , so ★ 
is the Poisson group dual to GL*, and we identify B^ -k = b'^-kbl (everything 
is very similar to the case of SLn). Namely, for every i < j the coset modulo hUniQln)' 
of each Lf^ is the matrix coefficient eij onto (b° , O) = , and the coset of each LJ- 

is the matrix coefficient Cj^i onto (O, b^) = b°; also, for each k the coset of £k rnodulo 
hUhiQin)' is ek,k = e^l . Finally, as L^;^,=:^^^ := exp(fi4) = exp(4) the same 

kind of relation occurs between the cosets modulo HUniQln)' of k °f , for all k. 
As for Unisln)', for all i < j we have that Fj^i := (g — g~^) Fj^i = Lfj and 
'■= - {q-Q'^) = -LJ^gf^ belong to Un{Qin)' fl Un{5ln) = Un{sin)' , as well as 
hk '■— h {£k ^^fe+i) — ^k ~^k+i i^or all k). Indeed, with the same analysis as above — up to 
the obvious, minimal changes — one proves also that t/;i(s[„)' is generated, as a topological 
unital k.[[h]]- algebra, by the Fj^s, the Eij's (for all i < j ) and the hk's (for all k ). 
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In addition, [/^(stn)' has ]k[[/?,]]-basis the set of rescaled PBW-like monomials (in the 
above generators) analogue to the set S considered above which is a basis for Ufi{Qin)' • 
Finally, under specialization Unisln)' = F[[SL*]] = F[[B+irB-]] = F[[b+*b_]] 

^ ?i=0 ^ 

the above generators specialize as Fj^i\^_^= e^~^ eij\^^ , Eij\^_^= ej^i e^\^\^ (for all 
i <j) and hk\f^^Q^ ^k,k\i,^ - efc+i,fe+i|j,_^ (for all /c = 1, . . . , n - 1 ). 

6.9 Quantum Stokes matrices: n = 3 . According to the general recipe in §6.7, 
the generators oi Ti. = ^/^(bos) are 

Ki,2 = {Fi - qT^'E,) , i^2,3 = q {F2 - qT^^E^) 

Ki,3 = q^ (F3,i -{q- q'') F^ T^'E, - T'^T^^E^^^) 
(cf. §6.7) where T^^ := tf^ (s = 1, 2). From this one can directly prove that 

[Ki,2,i^2,3]^ = -g'i^l,3 ■ (6.2) 

Using the relations between the elements 6j in [No, §2.4] — namely, formulas (2.23) therein 
— and remarking that K12 — q9i , ^2,3 = ^2 , one can derive also 

[i^i,3,i^i,2], = -q^K2,s , [i^2,3,i^l,3], = -qK^,2 . (6.3) 

Indeed, the case n = 3 is especially interesting because, using renormalized generators 

-^1,2 := q~^/^Ki^2 , -^1,3 := ?"'^/^-f^i,3 and ^2,3 := g"^/^i^2,3 one has for Un,{sOs) a 
cyclically invariant presentation (see [HKP] and references therein, and Remark 6.11(b) 
too). However, this special feature has no general counterpart for n 7^ 3 . 

The following PBW-like theorem holds for ^/^(bos) , as a direct consequence of defini- 
tions and formulas (6.2-6.3): 

Claim : Uhisos) is a topologically free k[[h]]- module, with topological k[[h]]- basis the 
set of ordered monomials {-f^i^2 -f^i',3 -^^2*^,3 | t^j^jC e N} . A similar basis is the one with 
Kij instead of Kij everywhere. 

Theorem 6.10. [[^^3"]] '■= Ufi{s03)^ is the topological, H-adically complete, unital 
- algebra with generators 

ki,2 ■■= q~^ {q - q~^) i^i,2 , k2,3 := q~^ {q - q~'^) K2,3 , /ci,3 := q~^ {q - q~^) i^i,3 
and relations 

ki,2k2,3 = qk2,3ki^2 - q{q- q~^)ki^z 

^2,3^1,3 = 9^1,3^2,3 - {q-q~^)ki,2 (6.4) 
k\,zki^2 = qki,2ki,3 - {q - q~^) k2,3 
with the right coideal structure given by 

A(/Ci,2) = l®fcl,2 + fcl,2®tr^ , ^(^2,3) = l®fc2,3 + k2,3(E)t2^ 

A(/ci,3) = l®fci,3 + fci,3®tr^^2^+ {q-q~^)ki,2®f2t^^ - q~^{q-q~^)k2,3(g)t-H-^ei. 

Moreover, [[^^3*"]] := Un{503f is a free k[[h]]- module, a k.[[h]]-basis being the set of 
ordered monomials B3 := {ki 2 ^^,3 ^2'^,3 | o, 6, c G N } . 
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Proof. The relations (6.4) among the kij's clearly spring out of formulas (6.2)-(6.3), whilst 
the formulas for the right coideal structure directly come out of the very definitions. The 
key point of the proof instead is to show that these elements do generate [/^(sos) . 

From the above formulas for A , a straightforward computation proves that ( V d G N ) 

As kij, {tl^ - 1) , {t^^t^^ - 1) ^ hUnisos) \ h'^Unisos), we have /ci,2 , /c2,3 , ^1,3 e 
Uhisos) \hUn{50s) , so the subalgebra generated by these elements lies in C/;,,(s03) . 

We shall now prove that is a topological k [[/;,]] -basis of Un{50s) ; this in turn will 
imply that this algebra is generated by ki^2 , ^2,3 and fci 3 . First, the Claim in §6.9 
implies that B3 is a linearly independent set inside Un{sos) ; then now we prove that it 
spans U}i{s03f over k[[h]] . The formulas for A on the fcj^j's give also, for all d eN , 

^''{Kl,2)= E l«'^®i^l,2®(tr^)®% A^(K2,3) = E l«'-®i^2,3®(t2-')^^ 
r+s=d—l r+s=d—l 

^'{Ki,s)= E i^^®i^i,3®(trV)^V 

r+s= d—1 

+ E l®'^ ® ^1,2 ® {t^') ®^ A ® (tr'^2"') ®' + 

r+35+s= d—2 

+ E 1®'^ ® ^2,3 ® {t^T' ® ^ ® (^r'^2"')®' 

r+p+s= d—2 

with^ := L+^g^^= {q-q-^)f2tl\ B := q-^9zLl^= - q-\q-q-^) t^H^'e^e Unisln)' ■ 

In particular, this implies that Sa+2 b+c (-^i"2 ^1,3 ^2,3) = Yliiei Ci,i®Ci^2®- • •<8)C'i,a+2 b+c 
(for some index set / ) where each tensor factor Cij is a product of type 

= t^'^'t^"' ■ Di ■ t^^'H^'"' -02 tp'=-^t2 • Dk-i ■ t^^'H^'"^ ( /c e N+) 

with n„ zv, e N and e {K^,2 , i^i,3 , ^^2,3 , ^ , S } J {(tr"H^"^ - l) | n, T2 G N+} . In 
particular — cf. also (6.4) — there is a first summand of type 

\p=0 J \r=0 / \s=0 / 

Define the length of K^^ ^2,3 ^ ®3 as l{ K^2 ^2^:3) := a + 2b + c, and let 
Hn be the k[[^]]-span of all monomials in B3 of length at most n . This defines an algebra 
filtration {7^^}^^^ of Unisos) ; the formulas for the coproduct of the kij's show that this 
is a comodule algebra titration, i.e. an algebra filtration such that A(7i^) C Ti^j, C>?> Ufiisis) 
for all n . A similar filtration is also induced onto each tensor power t/?i(s03)® ' ( / G N). 

Any 1] G Unisos) expands uniquely as r; = J2a,b,cenXa,b,c K{'2 K^^ K^^ for some 
Xa,b,c £ k[[^]] 1 by the Claim of §6.9. Set /x := min {a + 26 + c | Xa,f),c 7^ O} , and look 
at 5^{r^) = E„,6,ceNXa,b,c ■ (^m ^i',3 ^2^,3) e nA*C/;,(s03) ® t/ft(s[3)®^'^-') . By degree 
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arguments — w.r.t. the filtration {Hnjnef^ of Uji{sos) given above — we see that 6^(7]) G 
ht'Unisos) (^Unislsf^"''^^ forces also 

E Xa,b,c-S^iKi^,2Kl^Ki^3) e h^Uf,{BOs)®Uf,{skf^^-'^ . (6.5) 

0+2 6+c=/i 

By the analysis above, each Sn(^K{^2^i,3^2,3) (6-5) is equal to ^"^'^'^ (defined 
above) plus other terms which are linearly independent of ^"'^^^'^ modulo hUn{sln)^^ ■ 
Furthermore, all these ^^'''''^'s, for different triples (a, 6, c) e , are linearly independent 
inside Un{s{n)^^ , by construction. As an outcome, we have that (6.5) implies 

Xa,b,c ■ $1'''' e C/;,(S03) ® Un^^hf^^'^'^ V a + 2 6 + c = /X . 

Since ^"'^'^ G h!' Uniso^) (S>Un{5h)®^^~^^ by construction, we argue Xa,b,c e 
for all a + 2 6 + c = /U , so that 

XaAc K,y e ^[h]] ■ k^^ kl^ kl^ C k[[^]]-span of B3 V a + 2 6 + c = . 

But then ?7_ := E Xa,b,c • K^^^i^K^^ e t/;i(s03)^ by our previous results, hence 

a+2 b+c=(U 

also 

rj:^ := rj - ri_ = E Xa,6,c • i^i^2 ^'3 ^2'^,3 e ^^^^(^03)' • 

Now we can apply the same arguments to 77< instead of rj : iterating this procedure 
(involving monomials in the Kijs whose length grows up), we eventually find that t] 
belongs to the topological k[[fi]]-span of B3 , q.e.d. □ 

6.11 Remarks: (a) in §6.8 we saw that Un{5[n)' is generated by the L-operators, 
hence its semiclassical limit is generated by their cosets, which are simply half 

the matrix coefficients generating -F[[G'*]] (see §6.1). Then by the very construction 
and our concrete description of [7^(503) we get that the generators ki^j specialize, in 

Uni^o^f — -^[[^3^1] ; right to the generators of -^"[[^^3^]] (cf. §6.1). In particular, 
the corresponding limit Poisson bracket can therefore be verified to be equal to that in 
[Ug] and in [Xu] (the latter taken from [Du]), up to normalizations: e.g., the isomorphism 
between our presentation of -^[[^^3^]] and Xu's one is given by 

(notation of [Xu], §1, formula (2)), and this is easily seen to preserve the Poisson bracket. 

(b) the claim and proof of Theorem 6.10 show that one could take as generators for 
^^^(503)*^ simply the (g — q~^) K^j 's. However, our choice of normalization (dividing 
out such generators by suitable powers of q ) lead us to better looking relations, such as 
(6.4). Indeed, this can still be improved, taking new generators ki 2 '■= '?~^^^fci,2 = 
{q - q~^)Ki^2 , ki^3 := /ci,3 = {q -q~^)Ki^s and k2,3 ■= q^-^^"^ k2,3 = {q 
(see §6.9) :these enjoy the relations /ci,2 ^2,3 = ^2, 3^1, 2 — (<? ~ ^1,3 5 ^2,3^1,3 — 

qki,3k2,3 - {q-q~^)ki,2, A;i,3fci,2 = 5/^1,2^1,3 - {q-q~^)k2,3, which are totally 
symmetric with respect to cyclic permutations of the indices. Nevertheless, this special 
feature — like for Ufi{s03) — has no general counterpart for n 7^ 3 . <0 
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6.12 The general case. Let us now move to the general case n > 3 . The generators 
Kij {i < j) are defined in §6.7; hke in the Claim in §6.9, we have a PBW-hke theorem for 
Ufi{sOn) '■ namely, the set of all ordered monomials (w.r.t. any fixed total order of the set 
of pairs | z < j } ) in the i^ij's is a topological k[[fi,]]- basis of Ufi{sOn) ■ 

Straightforward computations yield 

SciiK^,,) = E K,,,,^ ® {id - 6)(L-,,,L+ ^ • • • ^ (id - 6)(L-_^, Ll_J 

where the set of indices is I = {i < td-2 < • ■ < h < si < ■ ■ < Sd-2 < j } ; it is worth 
pointing out that, while the L-operators Lf- and L~- do not belong to Uti{s{n) but only 
to Ufi{Q\-n} 1 the products L^^^^^^^L'^^^g^_^_^ do belong to Ufi{s\n) ■ Prom this one gets easily 

whence kij := [q — q~^) Kij G UnisOn)^ \ hUh{50rS follows at once. 

Indeed, with much the same analysis as in §§6.9-10 one can prove that in fact the A;i,j's 
(for i < j) form a complete set of generators for the algebra Ufi{sOn) , and that the set of 
ordered monomials in these generators is a topological k[[/?,]]- basis for Uti{sOnf • Finding 
the relations between the ki^s then will provide an explicit presentation of the algebra 

Un{sOrS -I hence a quantization -^Ti [[t^rj^]] '■= Ufi{50rS ^^^\_\!~^n\~\ with the Poisson struc- 
ture given in [Ug], the analogue of Remark &.ll(a) holding true in the general case too. 



§ 7 Generalizations 

7.1 Quantum duality with half quantizations. In the present work we take from 
scratch the datum of a pair of mutually dual quantum groups, namely , Un{Q)) 
(cf. §2.7). In the proofs, this assumption is exploited to apply orthogonality arguments, 
for which all these are necessary (a single quantum groups would not be enough). 

However, this is only a matter of choice. Indeed, our quantum duality principle deals 
with quantum subgroups which are contained either in or in Uni^) , and we might 

prove every step in our discussion using only the single quantum group which is concerned, 
and only one quantum subgroup (such as X^, or Cn, etc.) at the time, by a direct method 
which use no orthogonality arguments. To give a sample, we re-prove part of Lemma 4.2: 

Claim: let Xf^ and Cyl be as in Lemma Then Xf^ < Ffi[[G]\^ and, Cfl < Ffi[[G]]^ . 

Proof. By definition Xf^ is the left ideal of -P^fiffG]]^ generated by h~^Xf^, hence it is 
enough to show that /^[FhWC]]"" ■ h-^Xn) C Fr}[[G]Y ® Xn" + Xn" ® Fn[[G]Y ■ Since Xn 
is a coideal of Fn[[G]] (see §2.6), we have ^{Fn[[G\\^ ■ h'^Xn) C {Fn[[G]]^ ^ Fn[[G]]^) ■ 
{Fn[[G]]^h-^Xn + h-^Xn^Fn[[G]]) C Fn[[G]]'' ^ X^^ + Xn" ® Fn[[G]]'' , q.e.d. 
The case of Cn is entirely similar. □ 

7.2 Quantum duality with global quantizations. In this paper we use quantum 
groups in the sense of Definition 2.2; in literature, these are sometimes called local quan- 
tizations. Instead, one can consider global quantizations: quantum groups like Jimbo's, 
Lusztig's, etc. The latter ones differ from the former in two respects: 
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— 1 ) they are standard (rather than topological) Hopf algebras; 

— 2) they may be defined over any ring R, the role of h being played by a suitable 
element of that ring (the most common example is R = k[g, and h = q — 1). 

The first point implies that the semiclassical limit of a quantum group of this type 
is either U{q) , for some Lie bialgebra g, or , the algebra of regular functions on 
some Poisson algebraic group G . The latter is a geometrical object of global type, thus 
a quantum group specializing to it carries richer information than a QFSHA. The second 
point implies that one can consider different specializations, namely one for each point of 
the spectrum of the ground ring R : so this setting is richer from an arithmetical viewpoint. 

Now, the present work might be written equally well in terms of global quantum groups 
and their specializations. The only care is to start with algebraic Poisson groups and alge- 
braic Poisson homogeneous spaces, instead of formal ones. Then one defines Drinfeld-like 
functors in a perfectly similar manner; the key fact is that the quantum duality principle 
has a global version (see [Ga2]) in which the recipe given in §3 to define Drinfeld-like 
functors do make sense, up to a few technical details, in the global framework as well. 
In addition, one can also extend our quantum duality principle for coisotropic subgroups 
(and Poisson quotients) to all closed subgroups (and all homogeneous spaces): the out- 
come then is that applying the so-extended Drinfeld's functors to any closed subgroup (or 
homogeneous space) one always gets a coisotropic subgroup (or a Poisson quotient) of the 
dual Poisson group, and this is again characterized in terms of involutivity (see [CG]). 

7.3 *— structures and quantum duality for real subgroups and homogeneous 
spaces. If one is interested in quantizations of real subgroups and real homogeneous 
spaces, then *-structures must be considered on the quantum group Hopf algebras one 
starts from. It is then possible to perform all our construction in this setting, and to 
formulate and prove a version of the QDP for real quantum subgroups and quantum 
homogeneous spaces too, both in the formal and in the global setting; see [CG] for details. 
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